Mathematical Frameworks Treating Entropy
Production as a Scale-Dependent Dynamical
Quantity in Non-Equilibrium Field Systems: A
Comprehensive Survey

e Entropy production (I = dS/dt) is explicitly incorporated into differential equations
governing non-equilibrium field systems across multiple domains.

e Scaling laws for IM, such as MN(AL) = Aa IM(L), are derived analytically, numerically,
and phenomenologically, with exponents a varying by system and context.

» Field-theoretic formulations embed I in Lagrangians, Hamiltonians, and effective
actions, linking it to symmetry breaking, topological defects, and emergent fields.

» Cross-domain invariance in entropy production scaling is observed in quantum field
theory, condensed matter, chemical networks, and neural systems, but
counterexamples exist where dissipation does not modulate criticality.

» Entropy production formally connects to criticality, bifurcation theory, and
renormalization group flows, modifying critical exponents, thresholds, and phase
transition dynamics.

Introduction

Entropy production, the rate of change of entropy (I = dS/dt), is a fundamental quantity in
non-equilibrium thermodynamics, statistical mechanics, and field theory. It quantifies the
irreversibility and dissipation in systems driven out of equilibrium by external forces, internal
dynamics, or quantum effects. In recent decades, theoretical physics has developed rigorous
mathematical frameworks that treat entropy production not merely as a thermodynamic
quantity but as a dynamical variable that modulates system behavior across scales. These
frameworks are essential for understanding critical phenomena, phase transitions, and
emergent structures in complex systems.

This report presents a comprehensive, neutral, and structurally organized survey of existing
theoretical work across theoretical physics, statistical mechanics, non-equilibrium
thermodynamics, critical phenomena, complex systems theory, and field theory. It focuses
exclusively on rigorous mathematical formulations where entropy production appears explicitly
in differential equations governing system dynamics, particularly modulating thresholds,
coupling strengths, phase transition steepness, critical exponents, or damping terms. The
report also explores field-theoretic embeddings of entropy production, cross-domain
invariance, and formal connections to criticality and renormalization group theory.
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Mathematical Models with Explicit Entropy Production Terms

Stochastic Thermodynamics and Density Field Theories

Stochastic thermodynamics provides a rigorous framework for quantifying irreversibility in
non-equilibrium systems by analyzing the entropy production along stochastic trajectories.
The entropy production rate 'l measures the breaking of time-reversal symmetry and is a key
quantity in understanding the thermodynamics of systems driven by fluctuating forces.

In the context of density field theories, such as Dynamical Density Functional Theory (DDFT),
the evolution of the one-body density field p(x,t) is described by stochastic differential
equations. The entropy production rate can be expressed in terms of one- and two-point
density correlation functions, consistent with the Doi-Peliti field theory formulation of
underlying Langevin dynamics 1. The Onsager-Machlup path-integral formulation is employed
to obtain closed expressions for entropy production in such systems, enabling the study of

scale-dependent dynamics 1.

Fluctuation Theorem and Entropy Production

The fluctuation theorem is a cornerstone of non-equilibrium statistical mechanics, establishing
exact relations for entropy production in steady non-equilibrium dynamics. It connects the

entropy flux to the rate of energy or information exchange between the system and its
2

environment, providing a fundamental constraint on the dynamics “.
This theorem has been generalized to various systems, including quantum measurements and
continuously monitored systems, providing a framework for understanding entropy production

as a dynamical quantity 3,

Non-Equilibrium Thermodynamics and Speed-Gradient Principle

The speed-gradient (SG) principle provides an alternative formulation of non-equilibrium
thermodynamics, where the temporal evolution of the system is governed by the maximization
of entropy generation. This principle has been used to model the dynamics of shear viscous

flows and other non-equilibrium systems, yielding differential equations that explicitly include

entropy production terms .

The SG principle extends the range of exact thermodynamic statements beyond linear

systems, pushing the boundaries of traditional thermodynamics into nonlinear regimes S,
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Scaling Laws and Renormalization Group Treatments

Scaling Exponents and Universality

The scaling behavior of entropy production, expressed as MN(AL) = Aa IM(L), has been studied
extensively. The exponent a can be derived analytically, numerically, or phenomenologically,
and its universality depends on the system and the context.

In critical phenomena, the renormalization group (RG) approach provides a systematic
framework for understanding the scaling behavior of thermodynamic quantities, including
entropy production. The RG flow equations describe how coupling constants renormalize and

how fixed points modify under scale transformations 678

Renormalization Group Flow and Entropy Production

RG treatments have been applied to study the scaling behavior of entropy production in non-
equilibrium systems. These treatments involve coarse-graining procedures and effective field
theories that describe the dynamics of the system at different scales.

The RG flow equations can be used to study the renormalization of coupling constants and the
modification of fixed points, which is relevant for understanding the scaling behavior of
entropy production. The RG approach is particularly useful for systems where mean-field

theory fails due to the neglect of correlations 678,

Field-Theoretic Formulations

Lagrangian and Hamiltonian Formulations

Entropy production has been incorporated into Lagrangians and Hamiltonians in various field-
theoretic formulations. These formulations provide a framework for studying the dynamics of
non-equilibrium systems and the role of entropy production in these dynamics.

The Lagrangian and Hamiltonian formulations can be used to study symmetry-breaking terms,
topological defects, and emergent fields in non-equilibrium systems. The Doi-Peliti field
theory, for example, describes the underlying Langevin dynamics in non-equilibrium systems
and has been used to obtain closed expressions for entropy production in dynamical density

functional theories ' °.

Metriplectic Formulations

Metriplectic formulations provide a framework for incorporating dissipative effects in non-
dissipative frameworks, such as Lagrangian or Hamiltonian mechanics. These formulations
use a combination of a classic Poisson bracket and a metriplectic 4-bracket, which takes the
Hamiltonian and the entropy as generators.
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This approach is useful for describing the dynamics of dissipative systems and their behavior
in non-equilibrium conditions. The metriplectic formalism is particularly relevant for systems
where dissipation is a critical factor, such as in fluid dynamics and other continuum mechanics

problems 101

Cross-Domain Invariance and Counterexamples

Cross-Domain Invariance

The role of entropy production in non-equilibrium systems has been studied across various
domains, including active matter, quantum systems, and biological systems. The scaling
behavior of entropy production can be compared across different domains to identify universal
or system-specific scaling exponents.

The cross-domain invariance of entropy production can be studied using the Onsager-
Machlup path-integral formulation and other field-theoretic formulations. This invariance is

relevant for understanding the behavior of systems in non-equilibrium conditions and has been

applied to various physical and chemical processes 19,

Counterexamples and Limitations

There are domains where entropy production does not correlate with critical behavior, such as
cases where dissipation fails to modulate transition steepness or where scaling laws break
down. These counterexamples provide insights into the limitations of the mathematical
frameworks for entropy production and the need for further research to understand the role of
entropy production in non-equilibrium systems.

The fluctuation—dissipation relation, the tricritical Ising model, and thermodynamic limitations
highlight the complexity and potential limitations in the universality of entropy scaling. The
transport-dissipation inequality and the sandpile model underscore the domains where

dissipation does not correlate with critical steepness 1213,

Connections to Criticality and Phase Transitions

Criticality and Phase Transitions

Entropy production has been linked to criticality and phase transitions in various non-
equilibrium systems. The entropy production rate can be used to quantify the irreversibility in
systems governed by stochastic, kinetic, and hydrodynamic processes, frequently serving as a
gauge for the departure from thermodynamic equilibrium.

The entropy production rate can be related to the rate of energy or information exchange
between the system, the heat bath(s) it is connected to, and any other thermodynamic entity
involved in the dynamics. This connection is relevant for understanding the behavior of
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systems in hon-equilibrium conditions and has been applied to various physical and chemical

processes 2 14.

Bifurcation Theory

Entropy production has been linked to bifurcation theory in non-equilibrium systems. The
entropy production rate can be used to study the stability and optimization of physical systems
across mechanics, thermodynamics, and quantum physics.

The bifurcation theory can be used to study the critical points and the behavior of the system
near these points, which is relevant for understanding the role of entropy production in non-
equilibrium systems. This connection is relevant for understanding the behavior of systems in

non-equilibrium conditions and has been applied to various physical and chemical processes
14

Hierarchical and Renormalization Effects

Hierarchical Parameters

Entropy production can act as a hierarchical parameter in multi-scale analyses of non-
equilibrium systems. The hierarchical effects of entropy production can be studied using the
Onsager-Machlup path-integral formulation and other field-theoretic formulations.

These studies provide insights into the role of entropy production in the dynamics of non-
equilibrium systems and the need for further research to understand the hierarchical effects of
entropy production. These effects are relevant for understanding the behavior of systems in

non-equilibrium conditions and have been applied to various physical and chemical processes
19

Renormalization Effects

The renormalization effects of entropy production have been studied in various non-
equilibrium systems. The renormalization group (RG) treatments have been used to study the
scaling behavior of entropy production and the renormalization of coupling constants.

The RG flow equations can be used to study the modification of fixed points and the behavior
of the system near these points, which is relevant for understanding the role of entropy
production in non-equilibrium systems. These effects are relevant for understanding the
behavior of systems in hon-equilibrium conditions and have been applied to various physical

and chemical processes 678
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Summary Table of Key Results

Aspect Description Key References
Mathematical Stochastic thermodynamics, DDFT, fluctuation theorem, SG 3214
Models principle

. M(AL) = Aa M(L), RG treatments, universality and system-specific 67812
Scaling Laws
exponents

Field-Theoretic . o . . . . . 1910 1
. Lagrangian, Hamiltonian, Doi-Peliti, metriplectic formalisms
Formulations

Cross-Domain Quantum, condensed matter, biological, neural systems; 191513
Invariance counterexamples in sandpile models
Criticality & Phase
» y Landau theory, critical exponents, bifurcation theory, DQPTs 16171418 19
Transitions
Hierarchical & RG . . . . 20 2122 23
Hierarchical maximum entropy, RG flow equations, parameter flows
Effects
Conclusion

This report provides a detailed, neutral, and comprehensive survey of rigorous mathematical
frameworks that treat entropy production as a scale-dependent dynamical quantity in non-
equilibrium field systems. The surveyed literature reveals that entropy production is explicitly
incorporated into differential equations governing system dynamics, modulating thresholds,
coupling strengths, phase transition steepness, critical exponents, and damping terms. Scaling
laws for entropy production are derived through analytical, numerical, and phenomenological
methods, with exponents that can be universal or system-specific.

Field-theoretic formulations embed entropy production in Lagrangians, Hamiltonians, and
effective actions, linking it to symmetry breaking and emergent fields. Cross-domain
invariance in entropy production scaling is observed across quantum, condensed matter,
chemical, and biological systems, though counterexamples highlight domains where
dissipation does not modulate criticality.

Entropy production is formally connected to criticality, bifurcation theory, and renormalization
group flows, modifying critical exponents and phase transition dynamics. Hierarchical and
renormalization effects further elucidate the role of entropy production in multi-scale analyses.

The report underscores the need for further research to fully understand the mathematical
frameworks for entropy production and their applications across diverse domains,
emphasizing the importance of rigorous mathematical formulations in advancing the field.
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